Abstract. In this note, we characterize when a finite lattice is distributive in terms of the existences of some particular classes of Koszul filtrations.
Introduction
Let K be a field and L a finite lattice. We use K [L] [6] 
that H[L] is a toric ring if and only if L is distributive. In this case, H[L] is called a Hibi ring.
Assume that R is a standard graded K-algebra. Recall that a collection F of ideals of R is a Koszul filtration if (1) Every ideal in F is generated by linear forms, ( 2) The ideals 0 and the maximal graded ideal m of R belong to F , (3) For any ideal 0 = I ∈ F , there exists an ideal J ∈ F such that J ⊂ I, I/J is cyclic and J : I ∈ F .
This notion, firstly introduced in [1] , was inspired by the work of Herzog, Hibi and Restuccia [5] on strongly Koszul algebras. Its significance is that if R admits a Koszul filtration then R is Koszul, that is, the residue field K has a linear R-free resolution as an R-module, thus it provides an effective way to show a standard graded algebra to be Koszul.
The
The objective of this note is to characterize when a finite lattice is distributive by the existences of some particular classes of Koszul filtrations. 
Characterizations of distributive lattices
We refer readers to [7] for basic knowledges on finite lattices. For a finite lattice L, we denote by max L and min L its largest and least elements respectively. A finite
A finite lattice is modular if and only if no sublattice of L is isomorphic to the pentagon lattice of Figure 1 
Then L admits a sublattice L ′ which is either a diamond lattice or a pentagon lattice as in Figure 1 . Set e = min L ′ and f = max L ′ . We first prove the following claim. Claim: If I is a poset ideal of L and e is a maximal element of I, then (J) : e is not generated by linear forms. Here J := I \ {e}.
In order to prove our claim, we first show that
such that every monomial in the support of h i is not divided by e. Since A 1 is a monomial ideal, eg 1 ∈ A 1 and h 1 ∈ A 1 , and this implies
(1)
It follows from (1) that g 2 = 0 and h 2 ∈ A 2 . Since eg 3 + h 3 ∈ A 3 , there exist a positive integer l and k
Here
Note that h 1 + h 2 + h 3 = 0 and the support of h 3 is disjoint with the support of h i for i = 1, 2, one has h 3 = 0 and this implies k
Assume now on the contrary that (J) : e is generated by linear forms. Since e(f x − f y) ≡ yzx − xzy ≡ 0 (mod I L ), we obtain f x − f y ∈ (I L , J) : e. Here, e, f, x, y, z are all elements of L ′ , see Figure 1 . It follows that f x − f y ∈ (I L , H) from the assumption together with the conclusion of the preceding paragraph. Thus we can express f x − f y as f x − f y
Comparing the coefficients of a i b i and f x in (3) respectively one has k i = 0 for each i ∈ A ∪ B and i∈A k i = −1, a contradiction. Thus we complete the proof of our claim.
If R has a Koszul filtration F consisting of poset ideals, then there is a poset ideal, say (I), which is minimal among poset ideals of F containing e. Then e is a maximal element of I and J = I \ {e} is a poset ideal of L. It follows that (J ) is a unique poset ideal contained in (I) such that (I)/(J) is cyclic and (J) ∈ F . However by the claim, (J) : e = (J) : (I) is not generated by linear forms, a contradiction.
We say that a Koszul filtration F of H[L]
is combinatorial if every ideal in F is generated by the residue classes of some elements of L (i.e., variables). It is natural to ask if only for a distributive lattice L, the algebra H[L] has a combinatorial Koszul filtration. This is not the case as shown by the following example. (x), (x, y), (x, z), (x, y, z), (x, y, z, e), (x, y, z, f ), (x, y, z, e, f) . = (x, y, z, e); (x, y, z, e) : f = (x, y, z, e) .
We need to introduce some more notation. A finite lattice is called pure if all maximal chains (totally ordered subsets) have the same length. When a finite lattice is pure, the rank of a in L, denoted by rank(a), is the largest integer r for which there exists a chain of L of the form a 0 < a 1 < · · · < a r = a. If L is modular, then L is pure and the following equality holds for any p, q ∈ L:
We record [4, lemma 1.2] in the following lemma for the later use.
Theorem 2.4. Let L be a modular lattice. Then L is distributive if and only if H[L] admits a combinatorial Koszul filtration.
Proof. If L is distributive, then H[L] admits a Koszul filtration consisting of poset ideals by [3, Corollary 2.6], which is certainly combinatorial. Thus the direction "only if" is proved.
Then for any distinct x, y in the open interval (e, f ), they are incomparable and x ∨ y = f and x ∧ y = e. For convenience, we write (e, f ) = {x 1 , x 2 , . . . , x n } for some n ≥ 3.
Claim: If S is a subset of L such that S ∩ [e, f ] = ∅, then (S) : x cannot be generated by residue classes of some variables for any x ∈ [e, f ].
We first consider the case when x ∈ (e, f ), say x = x 1 . Let us show that
Here {a i , b i } ranges through all incomparable pairs of L. Without loss of generality we assume that a 1 b 1 = x 1 x j and {a i , b i } ⊆ (e, f ) for i ≤ m(:= n(n − 1)/2) and
Comparing the coefficients of a i b i with i ≤ m and ef in (4) respectively, we obtain
But one has (x 2 − x 3 ) belongs to (I L , S) : x 1 and this implies that (S) : x 1 is not generated by the residue classes of variables.
For the case when x = e, we first see that both e(f + k 1 a 1 + · · · + k r a r ) and and j = 1, . . . , n. This fact can be proved in a similar manner as we prove x 1 x j / ∈ (I L , S) in the preceding paragraph and so we omit its proof. It follows that neither f nor x i , i = 1, . . . , n appears in the support of any linear polynomial in (I L , S) : e. Thus, if (S) : e is generated by linear forms, then f (x 1 − x 2 ) does not belong to (I L , S) : e. This leads to a contradiction, since ef (x 1 − x 2 ) ∈ I L . Hence (S) : e is not generated by linear forms. The final case when x = f can be proved in the same way as in the case when x = e. Thus our claim has been proved. Now assume on the contrary that H[L] admits a combinatorial Koszul filtration F . Note that F has a natural partial order induced by inclusion. Let (T ) be a minimal element in F satisfying T ∩ [e, f ] = ∅ . Then T ∩ [e, f ] consists of a single element, say x. Moreover (T \ {x}) is a unique element in F such that (T )/(T \ {x}) is cyclic. It follows that (T \ {x}) : x ∈ F , which is contradicted to our claim. 
